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Geometry of C∗-algebras, the bidual of their projective tensor
product, and completely bounded module maps
Matthias Neufang
Abstract
Let A be a C∗-algebra, and consider the Banach algebra A⊗γA, where ⊗γ denotes the projective
Banach space tensor product; if A is commutative, this is the Varopoulos algebra VA. It has
been an open problem for more than 35 years to determine precisely when A ⊗γ A is Arens
regular; cf. [26], [40], [41]. Even the situation for commutative A, in particular the case A = ℓ∞,
has remained unsolved. We solve this classical question for arbitrary C∗-algebras by using von
Neumann algebra and operator space methods, mainly relying on versions of the (commutative
and non-commutative) Grothendieck Theorem, and the structure of completely bounded module
maps. Establishing these links allows us to show that A ⊗γ A is Arens regular if and only if
A has the Phillips property; equivalently, A is scattered and has the Dunford–Pettis Property.
A further equivalent condition is that A∗ has the Schur property, or, again equivalently, the
enveloping von Neumann algebra A∗∗ is finite atomic, i.e., a direct sum of matrix algebras.
Hence, Arens regularity of A ⊗γ A is encoded in the geometry of the C∗-algebra A. In case
A is a von Neumann algebra, we conclude that A ⊗γ A is Arens regular (if and) only if A is
finite-dimensional. We also show that this does not generalize to the class of non-selfadjoint dual
(even commutative) operator algebras. Specializing to commutative C∗-algebras A, we obtain
that VA is Arens regular if and only if A is scattered. In fact, we determine precisely the centre
of the bidual, namely, Z(VA
∗∗) is Banach algebra isomorphic to A∗∗⊗ehA∗∗, where ⊗eh denotes
the extended Haagerup tensor product. We deduce that VA is strongly Arens irregular (if and)
only if A is finite-dimensional. Hence, VA is neither Arens regular nor strongly Arens irregular,
if and only if A is non-scattered (as mentioned above, this is new even for the case A = ℓ∞).
1 Introduction
Let A be a C∗-algebra. We shall be concerned with the Banach algebra A ⊗γ A, where we write
⊗γ for the projective Banach space tensor product. In case A is commutative, this is the so-called
Varopoulos algebra VA. As is well-known, any C
∗-algebra A is Arens regular, i.e., the left and right
Arens product on the bidual A∗∗ coincide; A∗∗ with this product is the enveloping von Neumann al-
gebra of A. The problem of characterizing those C∗-algebras A such thatA⊗γA is Arens regular, has
to our knowledge first been systematically studied in the Ph.D. thesis [26] of M. Ljeskovac, written
in 1981 under the supervision of A.M. Sinclair (Edinburgh); apparently independent from this work
are the articles [40] and [41] by A. U¨lger, and [25] by A.T.-M. Lau and A. U¨lger. Results regarding
Arens regularity of A⊗γA have been obtained by these authors in several cases. However, even
the case of general commutative C∗-algebras has thus far not been settled: it is known that c0⊗γc0
is Arens regular while C(G)⊗γC(G) is not, where G is an infinite compact group; but the case of
ℓ∞⊗γℓ∞, for instance, has been open. In summary, no characterization of commutative C
∗-algebras
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with Arens regular projective tensor square is known, let alone the situation for non-commutative
C∗-algebras. In this paper, we shall use von Neumann algebra and operator space techniques to
solve this question for arbitrary C∗-algebras, and present further results on the structure of the
bidual.
Our approach may be described in essence as follows. Our starting point is to pass, based on
(commutative and non-commutative) versions of the Grothendieck Theorem, from the projective
Banach space tensor product to the Haagerup tensor product, and then to use the latter and the
extended Haagerup tensor product, as well as their intimate link to completely bounded module
maps on B(H), where H is a Hilbert space: in this fashion, the left Arens product translates into
composition of operators on B(H), and results on automatic normality of these maps yield structural
results on the topological centre of the bidual algebra in question. By establishing these connections,
we are then able to completely characterize Arens regularity of the projective tensor square of an
arbitrary C∗-algebra in terms of intrinsic properties of the latter. As we shall prove, Arens regularity
of A⊗γA is encoded in the geometry of the C
∗-algebra A.
In section 1 we provide some preliminary results pertaining to C∗- and operator space theory
which will be needed in the sequel. In section 3, for commutative C∗-algebras A, we determine
precisely the centre of the bidual of the Varopoulos algebra VA, showing that it is Banach algebra
isomorphic to A∗∗ ⊗eh A
∗∗, where ⊗eh denotes the extended Haagerup tensor product. It follows
that VA is strongly Arens irregular (if and) only if A is finite-dimensional.
Section 4 gives our main result, stating that A ⊗γ A is Arens regular if and only if A has
the Phillips property; equivalently, A is scattered and has the Dunford–Pettis Property. Further
equivalent statements are that A∗ has the Schur property, or, again equivalently, the enveloping von
Neumann algebra A∗∗ is finite atomic, i.e., a direct sum of matrix algebras. In fact, we prove that
if A has the Phillips property, then A ⊗γ B is Arens regular for any C
∗-algebra B. Moreover, we
deduce that for a von Neumann algebra A, Arens regularity of A⊗γA is equivalent to A being finite-
dimensional. We also show that this characterization does not extend, in general, to non-selfadjoint
dual operator algebras, even commutative ones: indeed, given any p ∈ [1,∞), the algebra ℓp (Oℓp)
with pointwise product is (completely) isomorphic and w∗-homeomorphic to a dual operator algebra
with Arens regular projective tensor square; here, Oℓp denotes Pisier’s operator space structure on
ℓp, obtained by complex interpolation.
Considering commutative C∗-algebras A, we obtain that VA is Arens regular if and only if A is
scattered. Combined with our earlier result, this shows that the Varopoulos algebra VA is neither
Arens regular nor strongly Arens irregular (i.e., the centre Z(VA
∗∗) lies strictly between VA and its
bidual), if and only if A is non-scattered. This result is already new for the fundamental example
ℓ∞. Indeed, already the question whether ℓ∞⊗γℓ∞ is Arens regular has been open since 1981.
2 Preliminaries
We start by recalling the definitions of geometric properties for a C∗-algebra A and a Banach space
E which we shall encounter.
• A is scattered if any positive functional on A is a finite or countable (pointwise) sum of pure
functionals (cf. [19]).
• E has the Dunford–Pettis property (DPP) if any weakly compact operator from E into any
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Banach space is completely continuous; equivalently, for any weakly null sequences xn in E
and fn in E
∗, the sequence 〈fn, xn〉 tends to 0 (going back to Grothendieck’s classical work
[13]).
• E has the Phillips property if the Dixmier projection E∗∗∗ → E∗ is sequentially w∗–norm
continuous (cf. [10]).
• E has the Schur property if in E any weakly convergent sequence is norm convergent.
We now review some related structure results for C∗-algebras; see [11, Corollary VII-10], [2, Theorem
3] and [19, Theorem 2.2] for the first, and [10, Lemma 3.1] together with [25, Theorems 3.4 and 3.6]
for the second.
Theorem 2.1. Let A be a C∗-algebra. Then the following are equivalent:
(i) A is scattered;
(ii) A does not contain an isomorphic copy of ℓ1;
(iii) A∗ has the Radon–Nikodym Property (RNP);
(iv) A∗∗ is atomic, i.e., a direct sum of B(Hi) for Hilbert spaces Hi.
Theorem 2.2. Let A be a C∗-algebra. Then the following are equivalent:
(i) A has the Phillips property;
(ii) A is scattered and has the DPP;
(iii) A∗ has the Schur property;
(iv) A∗∗ is finite atomic, i.e., a direct sum of matrix algebras.
We now fix some terminology. By “w∗-continuous” we mean “w∗-w∗-continuous”. We write ✷
for the left Arens product in the bidual of a Banach algebra A. Recall that, for X,Y ∈ A∗∗, we
have
〈X✷Y, f〉 := 〈X,Y ✷f〉 (f ∈ A∗)
where
〈Y✷f, a〉 := 〈Y, f✷a〉 (a ∈ A);
of course, 〈f✷a, b〉 := 〈f, ab〉 for all b ∈ A. Note that, if xi and yj are nets in A converging w
∗ to X
and Y , respectively, we have
X✷Y = w∗- lim
i
w∗- lim
j
xiyj.
Obviously, the map A∗∗ ∋ X 7→ X✷Y is w∗-continuous. The set of all X ∈ A∗∗ such that the map
A∗∗ ∋ Y 7→ X✷Y is w∗-continuous, is called the (left) topological centre, denoted by Zt(A
∗∗). Now,
A is said to be Arens regular if Zt(A
∗∗) is maximal, i.e., equals A∗∗ (this is equivalent to saying that
the left and right Arens products on A∗∗ coincide, but we shall only use the left one); also, A is said
to be (left) strongly Arens irregular if Zt(A
∗∗) is minimal, i.e., equals A. Topological centres have
been studied intensely in abstract harmonic analysis in recent years; see, e.g., the articles [3], [4],
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[8], [16], [24], [28] and [29]. Let us mention that, for any locally compact group G, the group algebra
L1(G) and the measure algebra M(G) are strongly Arens irregular; these are the main theorems of
[23] and [29], respectively, and we shall make use of the former result in section 4.
We write Z(A) for the centre of an algebra A. Note that if A is a commutative Banach algebra,
Zt(A
∗∗) equals the centre Z(A∗∗). Even in this situation, determining Zt(A
∗∗) can be very diffi-
cult. For instance, denoting by A(G) the Fourier algebra of a locally compact group G, the centre
Z(A(G)∗∗) is not known in general, even when G is discrete or compact. Indeed, it is open if A(G) can
be Arens regular for discrete groups without infinite amenable subgroups nor copies of free groups,
such as Olshanskii’s ‘Tarski monsters’; cf. [9], [28]. In the case of infinite compact groups, it is
known that A(G) is not Arens regular; cf. [9]. As the projective tensor product A := C(G)⊗γ C(G)
contains a subalgebra isomorphic to A(G), by Varopoulos’s classical work, one thus obtains that
A is not Arens regular, as mentioned in section 1; cf. [41]. However, determining when A(G) is
strongly Arens irregular, is more complicated: for instance, A(SU(3)) is not, but A(SU(3)ℵ0) and
A(SU(3)ℵ1) are; cf. [27], [24], [8].
Given a set S ∈ B(H), where H is a Hilbert space, we write S′ for its commutant. Let A ⊆
B(H) and B ⊆ B(K) be C∗-algebras. We denote by Aop the opposite algebra. We denote by
CBA,B(B(K,H)) the algebra of completely bounded operators on B(K,H) that are left A- and
right B-module maps, i.e., Φ(aTb) = aΦ(T )b for all T ∈ B(K,H) and a ∈ A, b ∈ B. If H = K and
A = B, we simply write CBA(B(H)). We denote by CB
σ
A,B(B(K,H)) the subalgebra of normal
(i.e., w∗-continuous) such maps. Of particular importance in our approach is the work of Magajna
[30], which contains a further development of the results obtained in [15] by Hofmeier–Wittstock.
We write ⊗γ for the projective Banach space tensor product, ⊗h for the Haagerup tensor product,
⊗eh for the extended Haagerup tensor product, and ⊗σh for the normal Haagerup tensor product.
For the convenience of the reader, we shall briefly recall the definitions and some fundamental
relations. For Banach spaces E and F , the projective tensor product E⊗γF is the completion of
the algebraic tensor product E ⊗ F with respect to the norm
‖u‖γ = inf
{
m∑
k=1
‖xk‖‖yk‖ | u =
m∑
k=1
xk ⊗ yk
}
.
Now let E and F be operator spaces, n ∈ N, and u = [uij ] ∈ Mn(E ⊗ F ). The Haagerup norm of
u is defined by ‖u‖h = inf{‖x‖‖y‖}, with the infimum taken over all p ∈ N, and all representations
u = x ⊙ y, where x ∈ Mn,p(E) and y ∈ Mp,n(F ); here, x ⊙ y = [
∑p
k=1 xik ⊗ ykj]. The Haagerup
tensor product E ⊗h F is the completion of E ⊗F with respect to the Haagerup matrix norms. For
C∗-algebras A and B, the Haagerup norm on A⊗ B can be expressed as
‖u‖h = inf

∥∥∥∥∥
n∑
k=1
akak
∗
∥∥∥∥∥
1
2
∥∥∥∥∥
n∑
k=1
bk
∗bk
∥∥∥∥∥
1
2
| u =
n∑
k=1
ak ⊗ bk
 .
Note that on E ⊗ F we have ‖ · ‖h ≤ ‖ · ‖γ . If A and B are commutative C
∗-algebras, the classical
Grothendieck Inequality says that
‖ · ‖γ ≤ K‖ · ‖h,
where K is the Grothendieck constant; cf., e.g., [21].
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The extended Haagerup tensor product E ⊗eh F is defined as the subspace of (E
∗ ⊗h F
∗)∗
corresponding to the completely bounded bilinear forms E∗ × F ∗ → C which are separately w∗-
continuous. Note that the w∗-Haagerup tensor product of dual operator spaces is defined by
E∗ ⊗w∗h F
∗ = (E ⊗h F )
∗;
so we have E∗⊗eh F
∗ = E∗⊗w∗h F
∗. Finally, the normal Haagerup tensor product of dual operator
spaces is defined as
E∗ ⊗σh F
∗ = (E ⊗eh F )
∗.
Hence, we have (E ⊗h F )
∗∗ = (E∗ ⊗eh F
∗)∗ = E∗∗ ⊗σh F
∗∗. More information on these tensor
products can be found, e.g., in [1], [5], [37], and [6].
As noted above, the classical Grothendieck Inequality yields a canonical isomorphism between
A⊗γA and A⊗h A for commutative C
∗-algebras A, which plays a significant role in our approach;
as do the consequences of the non-commutative Grothendieck Inequality – see the seminal work of
Pisier–Shlyakhtenko [38] and Haagerup–Musat [14] – drawn in [20] regarding Arens regularity of the
algebras A⊗γA and A ⊗h A, where A is an arbitrary C
∗-algebra. In the following we collect the
results from [20] which will be of importance for us. (Note that the projective operator space tensor
product is of course crucial in the work [20], but we shall not explicitly use it.)
Theorem 2.3. Let A and B be C∗-algebras.
(i) If A⊗γ B is Arens regular, then A⊗h B is as well.
(ii) If A⊗h B and A⊗h B
op are Arens regular, then so is A⊗γ B.
Proof. (i) follows from [20, Theorems 2.6, 2.7], and (ii) from [20, Theorem 2.9].
In the sequel, we shall use the following identification without explicit reference.
Theorem 2.4. Let A and B be C∗-algebras, and let R := A∗∗ ⊆ B(H), S := B∗∗ ⊆ B(K). Then
(A⊗h B
op)∗∗ = CBR′,S′(B(K,H))
via a completely isometric w∗-homeomorphism Θ such that
(Θ(a⊗ b))(T ) = aTb for all a ∈ A, b ∈ B,
and
Θ(X✷Y ) = Θ(X)Θ(Y ) for all X,Y ∈ (A⊗h B)
∗∗.
Moreover, by restricting Θ, one obtains the completely isometric multiplicative w∗-homeomorphic
identification
R⊗eh S
op = CBσR′,S′(B(K,H)).
Proof. In view of the canonical identification (E ⊗h F )
∗∗ = E∗∗ ⊗σh F
∗∗ for operator spaces E and
F , combined with [30, Theorem 2.2], we only need to show that Θ is multiplicative. To see this, let
X,Y ∈ (A⊗h B
op)∗∗, and let xi, yj be bounded nets in A⊗h B
op converging w∗ to X, respectively,
Y . Note that Θ is multiplicative on A⊗h B
op. We then have (with limits in the w∗-topology):
Θ(X✷Y ) = lim
i
lim
j
Θ(xiyj) = lim
i
lim
j
Θ(xi)Θ(yj) = lim
i
Θ(xi)Θ(Y ) = Θ(X)Θ(Y ),
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as claimed. For the second-last equation, note that every Θ(xi) ∈ CB
σ(B(K,H)), and left multipli-
cation in CB(B(K,H)) by such an element is w∗-continuous; for the last equation, note that right
multiplication in CB(B(K,H)) by any element is w∗-continuous.
Finally, note that the restriction of ✷ to R ⊗eh S
op defines a product on this space since Θ is
multiplicative, Θ(R⊗eh S
op) = CBσ
R′,S′(B(K,H)), and CB
σ
R′,S′(B(K,H)) is an algebra.
3 The case of Varopoulos algebras
Theorem 3.1. Let A be a commutative C∗-algebra. If VA is Arens regular, then A is scattered.
Proof. Since A is commutative, VA = A⊗γ A is isomorphic to A⊗hA by the classical Grothendieck
Inequality, so the latter is Arens regular. Represent the von Neumann algebra R := A∗∗ in B(H)
such that it is maximal commutative; cf. [39, Chapter 5, Proposition 6]. As A⊗hA is Arens regular
and commutative,
(A⊗h A)
∗∗ = CBR′(B(H)) = CBR(B(H))
is commutative. Hence, we have
CBR(B(H)) = CBR(B(H))
c ∩CBR(B(H)),
where the commutant is taken in CB(B(H)). Since R is commutative, it has no direct summand
of type IJ,n with J an infinite cardinal and n ∈ N. So, we have CBR(B(H))
c = CBσ
R′
(B(H)), by
[30, Theorem 2.4]. Thus, as R = R′, we obtain CBR(B(H)) = CB
σ
R
(B(H)). By [30, Theorem 3.5],
this implies that R is atomic. Owing to Theorem 2.1, this is equivalent to A being scattered.
Theorem 3.2. Let A be a commutative C∗-algebra. The (topological) centre of VA
∗∗ is isomorphic
to A∗∗ ⊗eh A
∗∗ (via ϕ∗∗ where ϕ : A ⊗h A → A⊗γA is the canonical isomorphism, based on the
classical Grothendieck Inequality).
Proof. As above, represent R := A∗∗ in B(H) such that it is maximal commutative. By [30,
Theorem 2.4], we have
CBR(B(H))
c = CBσR′(B(H)) = CB
σ
R(B(H)),
where the commutant is taken in CB(B(H)). So we see that
Z(CBR(B(H))) = CBR(B(H))
c ∩ CBR(B(H)) = CB
σ
R(B(H)).
Hence we obtain:
Θ(R⊗eh R) = CB
σ
R(B(H)) = Z(CBR(B(H))) = Z(Θ((A⊗h A)
∗∗)) = Θ(Z((A⊗h A)
∗∗)).
So, Z((A⊗hA)
∗∗) = A∗∗⊗ehA
∗∗. As VA is isomorphic to A⊗hA (via ϕ), the assertion follows.
Corollary 3.3. Let A be a commutative C∗-algebra. The Varopoulos algebra VA is strongly Arens
irregular (if and) only if A is finite-dimensional.
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Proof. Assume that VA is strongly Arens irregular. Then we have by Theorem 3.2:
ϕ∗∗(A∗∗ ⊗eh A
∗∗) = Z(VA
∗∗) = VA = ϕ
∗∗(A⊗h A).
Since A⊗h A ⊆ A
∗∗ ⊗h A
∗∗ ⊆ A∗∗ ⊗eh A
∗∗, we deduce that A∗∗ ⊗h A
∗∗ = A∗∗ ⊗eh A
∗∗ (as Banach
spaces). By [18, Corollary 3.8], this implies that A is finite-dimensional.
The result [18, Corollary 3.8] to which we have referred above, implies that for a C∗-algebra
A, the equality A ⊗h A = A ⊗eh A (at the Banach space level) holds if and only if A is finite-
dimensional. We shall show in the following, in passing, that this equivalence fails for A = ℓ1 with
pointwise product. Note that the latter, endowed with any operator space structure, is completely
isomorphic to an operator algebra, as shown by Blecher–Le Merdy; cf. [1, Proposition 5.3.3]. For
our proof, recall that a Banach space E is said to have Pelczynski’s property (V) if any set K ⊆ E∗
satisfying
sup
ψ∈K
|〈ψ, xn〉| −−→
n
0
for every weakly unconditionally Cauchy (wuC) series
∑
xn in E, is relatively weakly compact.
Here,
∑
xn being wuC means that
∑
|〈ψ, xn〉| <∞ for all ψ ∈ E
∗.
Theorem 3.4. We have (the Banach space equality) ℓ1 ⊗h ℓ1 = ℓ1 ⊗eh ℓ1.
Proof. Note that, as shown by Pelczynski [35], c0 has property (V); cf. also [36, p. 351]. Since c
∗
0 = ℓ1
has the Schur property, [7, Corollary 5] implies that c0 ⊗γ c0 has property (V). But by the classical
Grothendieck Theorem, the Banach algebras c0 ⊗γ c0 and c0 ⊗h c0 are isomorphic. So, c0 ⊗h c0 has
property (V). Hence, its dual ℓ1⊗eh ℓ1 is weakly sequentially complete, again by a well-known result
of Pelczynski [35]; see also [36, p. 351].
Thus, ℓ1 ⊗h ℓ1, as a closed subspace of ℓ1 ⊗eh ℓ1, is also weakly sequentially complete, so it does
not contain an isomorphic copy of c0. Now, by a result of Pisier [37, Exercise 5.1], we have
ℓ1 ⊗h ℓ1 = (c0 ⊗h c0)
∗ = ℓ1 ⊗eh ℓ1,
as desired.
Remark 3.5. The following is a quick geometric proof of the well-known result that c0⊗γ c0 is Arens
regular. – As noted above, since c0 has property (V) and its dual has the Schur property, c0 ⊗γ c0
has property (V). In view of [12, Corollary I.2], this implies Arens regularity.
4 The case of general C∗-algebras
Our goal is to prove the complete characterization given below of the Arens regularity of A⊗γA.
Theorem 4.1. Let A be a C∗-algebra. Then the following are equivalent:
(i) A⊗γA is Arens regular;
(ii) A has the Phillips property; equivalently, A is scattered and has the DPP.
In fact, if (ii) holds, then A⊗γ B is Arens regular for any C
∗-algebra B.
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Corollary 4.2. Let A be a von Neumann algebra. Then the following are equivalent:
(i) A⊗γA is Arens regular;
(ii) A is finite-dimensional.
Proof. This follows from our Theorem 4.1 combined with [10, Corollary 2.14], which states that a
dual Banach space with the Phillips property is finite-dimensional.
Remark 4.3. As a fundamental example, we obtain that ℓ∞ ⊗γ ℓ∞ is Arens irregular. This solves
a problem which has been open since the initial work of [26] in 1981.
We will now show that Corollary 4.2 does not extend to the setting of non-selfadjoint dual
operator algebras, even commutative ones. Recall that a dual operator algebra is, by definition, a
w∗-closed subalgebra of B(H), for some Hilbert space H. For p ∈ [1,∞), we shall consider ℓp with
pointwise multiplication. We note that, given any Banach A, the algebra ℓp⊗γA is Arens regular
if and only if A is; cf. [40, Corollaries 4.7 and 4.12]. We denote by Oℓp Pisier’s operator space
structure on ℓp, obtained by complex interpolation.
Proposition 4.4. Let p ∈ [1,∞). Then the algebra ℓp (Oℓp) with pointwise product is (completely)
isomorphic and w∗-homeomorphic to a commutative dual operator algebra with Arens regular pro-
jective tensor square.
Proof. First, note that Oℓp is completely isomorphic to an operator algebra, as shown by Blecher–Le
Merdy; cf. [1, Corollary 5.3.5]. Since Oℓp is a dual operator space, and the product is separately w
∗-
continuous, there exists a commutative dual operator algebra Ap and a Banach algebra isomorphism
and w∗-homeomorphism Φ : Oℓp → Ap such that Φ and Φ
−1 are completely bounded, by a result of
Le Merdy’s; cf. [1, Theorem 5.2.16]. Let us now prove (working in the Banach algebra category) that
Ap⊗γAp is Arens regular. As mentioned above, the Arens regularity of ℓp passes to ℓp⊗γℓp. Since
Φ⊗Φ : ℓp⊗γℓp → Ap⊗γAp is an algebra homomorphism, it suffices to show that it is surjective. As
ℓp has the approximation property, we have the isometric identification ℓp⊗γℓp = N ((ℓp)∗, ℓp), where
the latter space denotes the nuclear operators (we write (ℓp)∗ for the predual to avoid distinguishing
the cases p = 1 and p > 1). Now let z ∈ Ap⊗γAp. Then we have a series representation z =
∑
xn⊗yn
with
∑
‖xn‖‖yn‖ <∞. Hence, z0 :=
∑
Φ−1(xn)⊗Φ
−1(yn) ∈ N ((ℓp)∗, ℓp), and (Φ⊗Φ)(z0) = z, as
desired.
We now return to the C∗-case. Noting that commutative C∗-algebras have the DPP, our Theorem
4.1 immediately yields the following.
Corollary 4.5. Let A be a commutative C∗-algebra. Then the Varopoulos algebra VA is Arens
regular if and only if A is scattered.
The following consequence of Corollaries 3.3 and 4.5 provides a natural class of Banach algebras
that are neither Arens regular nor strongly Arens irregular.
Corollary 4.6. Let A be a commutative C∗-algebra. Then VA is neither Arens regular nor strongly
Arens irregular, if and only if A is non-scattered.
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Example 4.7. The case A = ℓ∞ provides a natural example for the above situation; note that
ℓ∞ = C(βN) and βN is non-scattered. By our Theorem 3.2, the (topological) centre of Vℓ∞
∗∗ is
isomorphic to ℓ∞
∗∗ ⊗eh ℓ∞
∗∗.
In order to prove Theorem 4.1, we start with the generalization of our Theorem 3.1 to arbitrary
C∗-algebras.
Theorem 4.8. Let A be a C∗-algebra. If A⊗γ A is Arens regular, then A is scattered.
Proof. Since A⊗γ A is Arens regular, so is A⊗hA, according to Theorem 2.3 (i). Now, let A0 be a
commutative C∗-subalgebra of A. Then A0⊗hA0 is Arens regular as a subalgebra of A⊗hA. By our
Theorem 3.1, this entails that A0 is scattered. Hence, we see that every commutative C
∗-subalgebra
of A is scattered, which implies that A is scattered, by [22, Lemma 2.2] (in fact, the last implication
is an equivalence).
We now complete the proof of the implication (i) =⇒ (ii) in Theorem 4.1.
Theorem 4.9. Let A be a C∗-algebra. If A⊗γ A is Arens regular, then A has the DPP.
Proof. By Theorem 4.8, A is scattered, whence it remains to show, in view of Theorems 2.1 and 2.2,
that the atomic von Neumann algebra R := A∗∗ is finite. Atomicity means that R is a direct sum
of B(Hi), and we need to show that all Hilbert spaces Hi are finite-dimensional. Assume towards
a contradiction that some Hi0 =: H is infinite-dimensional. Let K be a Hilbert space such that
R ⊆ B(K). Then we have:
(A⊗h A)
∗∗ = CBR′(B(K)) ⊇ CBB(H)′(B(K)).
By [31, Theorem 3.2 and Corollary 3.3], the latter is isomorphic to CBB(H)′(B(H)) = CB(B(H)).
As A⊗γ A is Arens regular, so is A ⊗h A, by Theorem 2.3 (i). Hence, the above entails that
multiplication in CB(B(H)) is separately w∗-continuous. Realize H as ℓ2(G) where G is a discrete
group of cardinality dim(H), and note that ℓ1(G)
∗∗, endowed with the left Arens product, embeds
isometrically and w∗-continuously as a subalgebra in CB(B(ℓ2(G))); cf. [32, Satz 2.1.1], [34, Remark
3.7], [17, Proposition 6.5]. Indeed, the map Θ : ℓ∞(G)
∗ → CB(B(ℓ2(G))) given by
〈Θ(m)Tξ, η〉 = mt(〈LtTLt−1ξ, η〉),
where m ∈ ℓ∞(G)
∗, T ∈ B(ℓ2(G)), and ξ, η ∈ ℓ2(G), yields such an embedding (here, Lt denotes left
translation by t ∈ G). This entails that the (left) topological centre Zt(ℓ1(G)
∗∗) equals ℓ1(G)
∗∗. But
Zt(ℓ1(G)
∗∗) = ℓ1(G), by [23, Theorem 1]; cf. also [33, Theorem 1.1]. Thus we obtain that G is finite,
a contradiction.
The following completes the proof of Theorem 4.1.
Theorem 4.10. Let A be a scattered C∗-algebra with the DPP. Then A⊗γ B is Arens regular for
any C∗-algebra B.
Proof. By Theorem 2.2, R := A∗∗ is finite atomic. Let H be such that R is represented in standard
form in B(H). Then R is isomorphic to (R′)op, so it follows that R′ is also finite atomic. Put
S := B∗∗.
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We first show that A⊗h B is Arens regular. To this end, choose K such that S
op ⊆ B(K). Then
we obtain:
(A⊗h B)
∗∗ = CBR′,(Sop)′(B(K,H)) = CB
σ
R′,(Sop)′(B(K,H)),
using in the second step [30, Lemma 3.4]. Similarly, A⊗h B
op is Arens regular. Indeed, choosing K
such that S ⊆ B(K), we have:
(A⊗h B
op)∗∗ = CBR′,S′(B(K,H)) = CB
σ
R′,S′(B(K,H)),
using again [30, Lemma 3.4]. As A⊗h B and A⊗h B
op are Arens regular, it follows that A⊗γ B is
too, by Theorem 2.3 (ii).
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